In this paper we extend our previous treatment of the one-loop corrections to inflation. Previously we calculated the one-loop corrections to the background and the two-point correlation function of inflaton fluctuations in a specific model of chaotic inflation. We showed that the loop corrections depend on the total number of e-foldings and estimated that the effect could be as large as a few percent in a λφ 4 model of chaotic inflation. In the present paper we generalize the calculations to general inflationary potentials. We find that effect can be as large as 35% in the simplest model of chaotic inflation with a quadratic m 2 φ 2 inflationary potential. We discuss the physical interpretation of the effect in terms of the tensor-to-scalar consistency relation. Finally, we discuss the relation to the work of Weinberg on quantum contributions to cosmological correlators. * sloth@phys.au.dk
Introduction
From the point of view of inflationary model building, we are entering a very interesting era. While in the nineties a plethora of inflationary models was constructed, we are only now beginning to be able to discriminate between them experimentally. One of the important statements in the announcement of the WMAP 3 data set, was the claim that λφ 4 inflation is ruled out [1] [2] [3] . Although this turns out not to be true if one allows for a non-vanishing neutrino fraction in the universe [4] , it illustrates the precision with which WMAP and the upcoming PLANCK satellite can probe inflationary physics. As a consequence, we will soon need to take sub-leading effects into account in our theoretical predictions from various models.
The scope of this paper is to consider the one-loop effects in simple monomial models of chaotic inflation. If inflation has lasted only a short time, not much more than 65 efoldings, one can for most practical purposes treat the Hubble parameter, H, and the slowroll parameters, ǫ, η, as constant during inflation. In this approximation one will find that the one-loop effects on the power spectrum are suppressed by a factor H 2 /M 2 p , making them completely irrelevant for observations. However, if inflation has lasted very long this approximation breaks down and there is an enhancement of the loop effects in the infrared. If H i is the initial Hubble parameter at the beginning of inflation and it is much larger than the Hubble parameter, H * , when the physically observable modes exit the horizon during the last 65 e-foldings or so, then the loop effects can be enhanced by a factor (H
n , where n is some model dependent power [5] . This is due to the fact that the infrared cutoff on the loop-momentum is given by the initial size of the inflating patch, which is determined essentially by the initial value of the Hubble parameter.
In models of chaotic inflation [6] , where one typically has a very large total number of e-foldings of inflation, it turns out that the enhancement of the one-loop effects can be so large that it may be observationally relevant. The back-reaction of one-loop effects on the classical background has been calculated earlier in models of chaotic inflation, and shown to be large [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , although it is not clear that this has any physical relevance in single field models, since the effect on the local expansion rate can be gauged away [18] [19] [20] . The type of infrared divergence that leads to the logarithmic growth of the one-loop correction with the scale factor, has also been claimed to induce an effective mass for the photon during inflation in scalar quantum electrodynamics and thus leads to generation of magnetic fields [21] [22] [23] [24] [25] [26] . An other approach to loop effects, the stochastic approach, has been applied by Linde [27] (see also [28] ), in order to understand the global structure of space-time in eternal inflation.
Despite the significant amount of work on the back-reaction of one-loop effects on the classical background, the one-loop correction to the two-point quantum correlation function of inflaton field fluctuations was only recently evaluated explicitly in ref. [5] for the first time. The one-loop correction to the two point function is dominated by the seagull-diagram, and thus the calculation requires the fourth order action of the field perturbations, which was not available until it was calculated in the appendix of ref. [5] . In ref. [5] it was furthermore estimated, that the one-loop correction to the two-point function of inflaton field perturba-tions in a model of λφ 4 chaotic inflation can be as large as a few percent. Subsequently, the fourth order action, with the inclusion of vector modes, was also given by Seery, Lidsey and Sloth [29] , who derived the primordial tri-spectrum of curvature perturbations. Although the one-loop correction to the two-point correlation function of inflaton field fluctuations was not calculated explicitly before ref. [5] , a general estimate of the effect of loop contributions on cosmological correlation functions appeared earlier in the work of Weinberg [30, 31] .
In the present paper we generalize the calculations of ref. [5] , and investigate the effects in more details. We find that in simple models of chaotic inflation the one-loop effects can be very large and may have important effects on cosmological observables, such as the tensor-to-scalar ratio.
The paper is organized in the following way. In section 2, we take the super-horizon limit of the third order action, which was derived by Maldacena [32] , and of the fourth order action given in ref. [5, 29] . In section 3.1 we apply the super-horizon limit of the third order action to calculate the one-loop back-reaction on the classical background. In section 3.2 we calculate the one-loop correction to the two-point correlation function of inflaton fluctuations, using the super-horizon limit of the fourth order action. In section 3.3, we discuss the physical implications in terms of the tensor-to-scalar consistency relation. In section 3.4, we discuss the relation to the work of Weinberg [30, 31] . Finally, in section 4 we roundup with a discussion.
Effective action of perturbations
The one-loop corrections to the two-point function of inflaton quantum fluctuations is dominated by the seagull diagram, which contains a vertex with four legs. Thus, in order to calculate it, we need the effective action of inflaton perturbations to fourth order in the field fluctuations. Below we will review the calculation of the fourth order action and use it to calculate the effective interaction for a general inflaton potential in the super-horizon limit.
ADM formalism
It is convenient to use the ADM formalism [33] to derive the action for the inflaton perturbations. Let us consider the scalar action of the inflaton field
in the ADM metric, given by
In this metric, the action becomes [33]
where
We find it convenient to discuss the effective action of the inflaton perturbations in the uniform curvature gauge, where, when ignoring vector and tensor modes, we have
In section 3.4, we will elaborate on the physical motivations for choosing this particular gauge for our calculations. The benefit of the ADM formalism is that the constraint equations are easily obtained by varying the action in N and N i , which acts as Lagrange multipliers. In this way the constraint equations in the uniform curvature gauge become [5, 29] 
We note that α 3 has cancelled out of the action, so we only need the solution to the constraint equations to second order [5, 29] ,
and
where we have for convenience defined [5] 
The infrared limit
The dominant one-loop contribution to the two-point correlation function of inflaton fluctuations comes from the infrared part of the seagull-diagram. In order to evaluate it, we therefore only need the infrared part of the fourth order action, which is equivalent to the super-horizon limit of it. To linear order in perturbations, the perturbation equation yields
Normalized to the Bunch-Davis vacuum in the infinite past, the solution for the mode function in Fourier space is given by
where ν = 3/2 + 3ǫ − η. In the super-horizon limit, where we can neglect the gradient terms, it becomes
For convenience we have defined A ≡ e −iπ/2 2 ν−3/2 Γ(ν)/Γ(3/2). It is easy to see that in this limit, we haveδ
Let us consider the interaction terms of the effective action in the super-horizon limit. By neglecting higher order gradient terms, the third order action S 3 in the super-horizon limit becomes
To leading order in the slow-roll expansion, we can use the approximation
One has to be careful when estimating the slow-roll order of the terms involvingδ φ. Naively, after partial integrations it appears that the order of the terms involving two factors ofδ φ is lower than if we applied directly eq. (18) in the action. One can show that, after a couple of partial space-time integrations, we would have up to a total time-derivativẽ
The term proportional to the first order equation of motion can then be eliminated by a field redifinition
However, the theory is not invariant under this point transformation of variables. In the transformation we have ignored a total time derivative term involving factors of the canonical conjugate field π ∝δ φ, and, as we show below in section 3.4, this is inconsistent when calculating quantum correlation functions. This implies that terms in the action which are non-linear in the canonically conjugate field cannot in general be simplified by partial time integrations, and the order of magnitude of their contribution is actually given by applying directly eq. (18) in the action. Thus, the correct expression for the super-horizon action to leading order in slow-roll is
In the same spirit, we can calculate the super-horizon limit of the S 4 action. Neglecting the higher order gradient terms, the fourth order action reduces to
When evaluating the terms involving gradients one-by-one, we note that it is not possible to eliminate any time-derivative fields by time-like partial integrations, because the time-like partial integration will introduce new surface terms and terms involving higher order time derivatives of the perturbation fields, which can not be eliminated by a field redefinition without changing the perturbation theory. In this case, aδ φ term contributes effectively O(ǫδφ), as can be seen from eq. (18) . In this way, we obtain to leading order in slow-roll in the super-horizon approximation
where F is given in eq. (14) . To leading order it becomes
3 One-loop corrections to inflation
The Schwinger-Keldysh real-time formalism [37, 38] is appropriate for evaluating the oneloop corrections to expectation values self-consistently. It has also been extended to curved space and expanding backgrounds. For a review of the present formalism, see the appendix of ref. [39] . In this a approach the expectation value of some operator O is given by
if the initial state is the vacuum state |0 . A step function Θ(η − η inf l ) is absorbed in H I , such that the time integral effectively have η inf l as lower limit. This matrix element describes a system in the initial state ρ(η inf l ), evolved from conformal time −∞ to 0 with an operator inserted at η, and back again from 0 to −∞, with a set of "+" fields on the increasing-time contour and a set of "-" fields on the decreasing-time contour. The contractions between different pairs of the two types of fields now yields four kinds of propagators
The time-ordering of the contractions then yields
One can of course also define
From the previous section, it follows with ψ ≡ δφ, that the effective interaction Hamiltonian in the super-horizon limit to leading order in slow-roll is
where H ≡ a ′ /a = aH.
One-loop corrections to the background
The one-loop effective background equation of motion for the classical background field, φ c , follows directly from the tadpole renormalization condition. When we split the inflaton field in the classical background field, φ c , and the quantum fluctuation, δφ, the tadpole condition defines what we mean by the classical background. The definition of the classical background field as the vacuum expectation value of the inflaton
requires that the tadpole condition δφ = 0 is satisfied to all orders. This implies that the one-loop effective background equation of motion is actually defined by the tadpole renormalization condition,
For this relation to be satisfied we must havë
where the last term on the left-hand-side is the one-loop correction to the tree-level background equation of motion. Any divergent part of this, or any piece that appears as a time-independent coupling, can be cancelled by counter terms in the effective action, but a finite time-dependent piece will generally be leftover from such a procedure and give rise to a small non-vanishing one-loop correction.
It is useful to consider a generic monomial type of inflation with the generic potential
such that the tree-level slow-roll parameters become
It is easy to verify that in the case α = 4, the one-loop correction appears as an effective mass term [5] , but in general the form of the one-loop correction is non-trivial. In the slow-roll limit the one-loop effective equation of motion becomeṡ
Using the definition ǫ ef f ≡φ 2 c /(2H 2 ) of the one-loop effective slow-roll parameter [5] , we obtain from eq. (37)
The tree-level slow-roll parameters are evaluated at the time the observable modes exits the horizon, while the quantum two-point correlator δφ 2 may contain information on the full history of inflation in a subtle way. In ref. [5] we reviewed the evaluation of the two-point correlation function in details for the specific case of α = 4. The generalization is given in [10] 
where φ i denotes the value of the classical field φ c at the initial time t i , which we can take to be the beginning of inflation. The initial value of the background inflaton field appears through the infrared cutoff on the loop-momentum. The infrared cutoff on the loop-momentum variable is given by k IR = a i H i and can be expressed in terms of φ i . Using the slow-roll condition, we can write the total number of e-foldings of inflation as
where we also applied the assumption φ * << φ i . We conclude that δφ 2 ∝ N (4+α)/2 , which is consistent with the statement that the quantum correlator grows like a power of log a(t) [30] (we will return with a more detailed discussion of this in section 3.4). By considering the scenario of chaotic inflation and using the value φ i at the end of the self-reproduction regime, and φ c when the observable modes exit the horizon, we can estimate the largest possible loop correction. When the observable modes exit the horizon N * ≃ 60 e-folding before the end of inflation, one can easily show that φ * = √ 2N * αM p , while the field value at the end of the self-reproduction era is
In order to match the observed level of CMB anisotropies we must further require λ ≈ 12π 2 10 −10 (2N * α) −α/2 . Combining these theoretical and phenomenological constraints yields
In fig. (1) , we have plotted the relative one-loop correction δǫ/ǫ to the slow-roll parameter ǫ for N * = 45 and N * = 60. The effect is a few percent for α = 4. For α = 2, the effect is order 10% to 15%.
One-loop corrections to the two-point function
The two-point function evaluated to one-loop order can be organized in terms of contributions to zero'th T (0) , first T (1) , and second T (2) order in λ. The leading one-loop contribution to the two-point function comes from the seagull diagram in fig. (2) . From the seagull diagram, we 
Here, we have used the approximation where momenta integrated over in the loop is much smaller than the external momentum k
the conjugate field appears as an external leg and the other as an internal. In the opposite situation one will obtain ∝ k ′ /kψ ′ ψ, which yields a loop integral that is not divergent in the infrared and can be ignored. Similarly if they both appear internal or external, the contribution becomes (1/2)ψ ′ ψ, due to momentum conservation at the vertex. By subsequently applying eq. (18) , this leads to the last term in the soft bracket in eq. (43) above. Now, we can follow the calculation of [5] . In terms of the mode functions U k (η), we have
where δφ 2 is given in eq. (39) . For the physically observable modes, which has spent only short time out side the horizon, in eq. (44) it is a good approximation to assume [5] The conformal time integral in eq. (44) turns out to get its dominant contribution from the integration from η * to η 0 , where η * is the conformal time at which the physically observable comoving momenta k crosses outside the horizon. In the interval [η * , η 0 ], we can treat the two-point correlation δφ 2 , the slow-roll parameters ǫ, η and the potential V and its field derivatives as constant. The integral then simplifies, and can easily be evaluated analytically. In the limit x 0 = −kη 0 → 0 we obtain
as demonstrated in ref. [5] . We finally obtain the generalization of eq. (63) in ref. [5] , which on super-horizon scales gives the following one-loop corrected two-point function
In fig. (3) , we have plotted the maximal relative one-loop correction to the powerspectrum δP/P, by considering again the scenario of chaotic inflation with the potential given in eq. (35) . Especially, we remark that for a model of chaotic inflation with a potential of the type m 2 φ 2 , the one-loop corrections significantly influences our predictions for the two-point function of inflaton fluctuations. The effect appears to be of the order of 20% with N * = 60 and as large as 35% if N * = 45.
Physical interpretation and the consistency relation
With the WMAP data, it has been possible to start to severely constrain various inflationary models. In fact, it was claimed with the release of the WMAP 3 data, that the simple λφ 2 3 4 5 6 7 8 9 10 δP/P α Relative One-Loop Correction to P Figure 3 : The relative one-loop correction δP/P to the power spectrum of inflaton fluctuations. In the left panel we have plottet the one-loop correction for N * = 45. In the right panel we have shown the same plot, but with N * = 60. We see that in the present approximation the one-loop correction is maximally of the order a few percent for λφ 4 , while it is 20% to 35% for a typical model of m 2 φ 2 chaotic inflation.
Crucial for ruling out different polynomial models of chaotic inflation is the predicted tensor-to-scalar ratio. Taking the chaotic model of λφ 4 or m 2 φ 2 inflation seriously, we must ask for its precise prediction for the tensor-to-scalar ratio including loop effects, before we can even start to constrain it with data. In the previous sections we have seen that the loop effects can be rather significant. On the other hand, one could turn the argument around and view the one-loop corrections from a low-energy effective point of view, and claim that the results just imply that a pure λφ 4 model is not likely in the effective framework of chaotic inflation. However, the low-energy effective potential will have to be extremely finely tuned, if it is constructed such that it exactly mimics the loop effects. In other words, the λφ 4 model, or other monomial chaotic inflationary models, are very simple and well defined theoretical models when loop effects are included, and it is important to experimentally constrain them if possible.
At present, we have not yet calculated the loop corrections to the tensor perturbations. Before we can do this, we must have the fourth order action for tensor perturbations, which has not yet been calculated. Assuming that the loop corrections to the tensor perturbations are of same order of magnitude as the loop corrections to the scalar perturbations or smaller, and does not exactly cancel the loop corrections to the scalar power spectrum when the tensor-to-scalar ratio is calculated, we can still estimate the size of the loop-correction. From the left panel of fig. (3) , we estimate that the correction to the tensor-to-scalar ratio is as large as 35% for the simple m 2 φ 2 chaotic inflation model, while it is only a few percent for λφ 4 . This is consistent with the result of ref. [5] . When constraining models of monomial chaotic inflation, it means the the predicted theoretical model lines in the spectral index, n s , vs. tensor-to-scalar ratio, r, plots are no- Figure 4 : The likelihood contours of the tensor-to-scalar ratio vs. the scalar spectral index [4] . Two models are indicated. On the edge of the 95% exclusion likelihood contour is the predictions from the λφ 4 model while in the middle of the 68% exclusion likelihood contour the predictions of the m 2 φ 2 model is indicated. We have indicated the model predictions with 45 < N * < 60. If we did not take into account one-loop corrections, the predictions would be line-shaped between the squares. The full polygons indicates qualitatively the predictions when the one-loop correction to the two-point correlation function of inflaton fluctuations are included.
longer line shaped but becomes blurred over a small region due to the loop effects. We have illustrated this in fig. (4) , where the small polygon shaped regions would have been line shaped, if we did not take into account the one-loop correction to the two-point correlation function of inflaton fluctuations. We see that this can turn out to be important in the future, making it possible to discriminate between a model of m 2 φ 2 inflation with a minimum number of total e-foldings of inflation and a model of m 2 φ 2 chaotic inflation, with a huge total number of e-foldings. We find that this is an interesting possibility that deserves further investigation.
Quantum contributions to general cosmological correlations
The analysis carried forward in ref. [5] and in the present work, is closely related to a slightly more general question lately addressed by Weinberg [30, 31] . At tree-level it is well known that quantum correlations in cosmology only depend on the behavior of the unperturbed background field near the time of horizon exit. Weinberg asked wether this is still true when loop effects are included, or if the contribution of loop graphs can depend on the whole history of the unperturbed universe. It is was found that in general the correlations can depend on the whole history of the universe, although at most to powers of the logarithm of the scale factor [31] . As we will discuss in this subsection, this is consistent with our findings [5] .
In [30, 31] , the expectation value of any product of operators in eq. (27) is expanded on the form
Until now we have consistently worked in the zero-curvature gauge, with the scalar perturbations given by Sasaki-Muhkanov variable, which is identical to the field fluctuations themselves in this particular gauge. In [30, 31] the comoving curvature gauge was chosen.
In the comoving curvature gauge the field fluctuation vanishes and the instead the scalar perturbations are given by the comoving curvature perturbation ζ, which is defined as the perturbation of the spatial section of the metric
where we for simplicity are ignoring tensor perturbations and only consider scalar perturbations of the metric in single field inflation. In the interaction picture, the curvature perturbation field is
In single field inflation ζ k is conserved on super-horizon scales, because on these scalesζ k vanishes very fast as a −2 . So if ζ 0 k is the time independent limit of ζ k , the difference ζ k − ζ 0 k goes again essentially like a −2 . The crucial observation in [30, 31] is that this implies that the commutator of any two combination of ζ-fields always goes as a −3 . One can now evaluate the time dependence of any correlation function of ζ's outside the horizon by observing that the Lagrangian density maximally carries three powers of the scale factor. Since in eq. (50) there are just as many commutators as there are interactions, and each commutator carries three powers of the inverse scale factor, there can at most be zero factors of a(t) in any of the integrals over time in eq. (50). This implies that the integrands can at most grow like a power of t, which is similar to a power of ln a(t) [30, 31] . It is thus concluded that the quantum correlation function can at most grow like a power of ln a(t), and without huge amount of e-foldings the loop corrections can never become large.
This conclusion is in agreement with the results of ref. [5] , which indeed did find large loop corrections to the quantum correlations in chaotic inflation only with a very long period of total inflation. In fact it was found that the correction grows like a power of the total number of e-foldings N, which is equivalent to a power of ln a(t) (see for instance eq. (29) of [5] ).
However, there is a fundamental difference between the two approaches. In one approach it is the field perturbation (which is the Sasaki-Mukhanov variable in that gauge) which is quantized, while in the other approach it is the curvature perturbation which is quantized. The two approaches does not appear to be equivalent at the quantum level, since the transformation between the two variables is a non-trivial point transformation. To see this, consider the general subclass of canonical transformations given by point transformations, which transforms the canonical conjugated field, π, in the following way [40] 
where the generating function for the transformation, F , appears as a total time derivative in the Lagrangian after the transformation, i.e.
This implies that the action transforms as
and does clearly not change the classical tree-level equation of motion, which is derived from requiring that the variation of the action in the field vanishes. On the other hand, the evolution operator and the states transforms as
such that, if we consider the expectation value of some composite operator O(ψ, π) in the transformed vacuum state, it yields
Now, if O is only a function of ψ everything commutes and the phases cancel out, and when O depends on π, one can use eq. (51) to see that the phases will cancel out in general [40] . However, the same argument does not apply if F depends on π, in which case the theory is not invariant beyond tree-level. In fact, if F is linear in π, the transformation is still a point transformation, which will take ψ → ψ + ∂F/∂π. This is exactly the kind of transformation needed to transform from the ζ variable to the δφ variable on super-horizon scales, up to a trivial time-dependent scale transformation [32] . We may note, that when we are evaluating the S-matrix, we take the expectation value in a sandwich of states in the past and future infinity. This implies that the S-matrix is still invariant under the type of point transformation with F linear in π, provided the field, ψ, vanishes fast enough in future and past infinity [41, 42] . The tree-level correlation functions to n'th order are still independent of the phase F on super-horzon scales, since, as discussed above, on those scales the commutator vanishes very fast as a −3 and the fields essentially becomes classical [30, 31] . However, on sub-horizon scales or for loop corrections where quantum effects becomes important, the two variables does not appear to yield equivalent results. In fact, this seems to raise a question regarding the physical interpretation during inflation of the non-linear quantity, constructed to be conserved on all scales in ref. [43] .
One could argue for calculating the loop corrections in terms of ζ, since it is really the observable quantity, which is conserved on super-Hubble scales [30] . However, it is not clear that the classically conserved ζ is also conserved at the quantum level [30] . This imply that we would first have to calculate the loop corrections in order to find the conserved ζ in the one-loop effective theory. In addition, this argument would only be strictly valid in single field models, since in multi-field inflationary models ζ is anyway not conserved on super-Hubble scales. On the other hand, the Sasaki-Mukhanov variable really represents the fundamental degrees of freedom, which appears to be the fluctuations of the matter fields. In terms of the matter field fluctuations, the splitting between the background and the fluctuations is very clear and well defined in terms of the tadpole renormalization condition. It thus appears to be more appropriate to calculate the loop corrections in terms of the Sasaki-Mukhanov variable.
Discussion
We have generalized and expanded the analysis in ref. [5] of the one-loop correction to the two-point correlation function of inflaton fluctuations. It is shown that in chaotic inflation, where inflation starts just below the self-reproduction regime and gives rise to huge total amount of e-foldings, the one-loop corrections may be physically significant. For the model of λφ 4 chaotic inflation investigated in ref. [5] , our results are consistent with a maximum correction of 2% percent if the observable modes exited the horizon about 60 e-foldings before the end of inflation (N * = 60) [5] . The effect can be slightly larger, of the order 5%, if the modes exited 45 e-foldings before the end of inflation (N * = 45). Having generalized our result to general inflationary potential and especially to general models of monomial chaotic inflation, we find it very intriguing that in a model of m 2 φ 2 chaotic inflation the one-loop correction to the two-point correlation function of inflaton fluctuations can be as large as 35% for N * = 45.
This seems to imply that the one-loop effects might have important consequences, when the cosmological data reaches the level where they in principle can rule out the m 2 φ 2 model of inflation. In fact, we are intrigued by the fact that cosmological data in the near future will reach the level where one appears to be able to discriminate between a pure low-energy effective m 2 φ 2 model of inflation with only the minimal total number of e-foldings, and the chaotic m 2 φ 2 model of inflation with a huge total number of e-foldings. This possibility deserves further studies.
However, one should be aware of some shortcomings in our treatment of one-loop corrections so far. For practical reasons, we have only calculated the one-loop correction to the scalar power-spectrum of inflaton fluctuations, while we have not yet been in the position to calculate the correction to the tensor spectrum. The calculation of the one-loop corrections to the scalar power-spectrum already required us to calculate the fourth order action of scalar perturbations. If we desired to calculate the one-loop correction to the tensor powerspectrum, we would also need the fourth order action for the tensor modes, which has not yet been calculated.
In addition, one should note that in the case of m 2 φ 2 chaotic inflation the one-loop effects can be so large, that the perturbative approach is on the verge of breaking down. This indicates that we in principle also should include two-loop effects in a precise treatment. However, this would require us to calculate the action of scalar perturbations beyond fourth order.
